For a local Noetherian ring (R m), the Hilbert functions of m{primary ideals provide considerable information about constructions and singularities coded by the ideal. For a module E which is the analogue of such ideals of grade at least two (E has a free dual and it is free on the punctured spectrum), Buchsbaum and Rim ( 2]) de ned a similar function and introduced the notion of Buchsbaum-Rim multiplicity br(E) of the module. Unlike the ideal case, the information about these functions is still scant. When R is Cohen{Macaulay of dimension d and E has rank r, w e d e v elop some of their properties su ciently enough to establish the following bound for the reduction number of the Rees algebra of the module E r(E) (d + r ; 1) br(E) ; 2(d + r ; 1) + 1:
Introduction
Let R be a Noetherian ring with total ring of fractions K and let E be a nitely generated torsionfree R{module. We say that E has a rank if K R E = K r , in which c a s e r is said to be the rank of E. By S(E) w e denote the symmetric algebra of E. This provides for an embedding E , ! R r which allow us to de ne the Rees of S(R r ) generated by the forms in E. It is a natural extension of the blowup algebra of an ideal R(I) = L n 0 I n . Alternatively, R(E) is the image of the natural map S(E) ! S (R r ). R(E) is a standard graded R{algebra, and its component of degree n will be denoted E n . It is a module of n{forms, R(E) n = E n S n (R r ).
If (R m) is a Noetherian local ring of dimension d, and I is an m{primary ideal, the numerical function ( ( ) is the ordinary length function for modules with a composition series)
n (R=I n ) is the Hilbert{Samuel function of the ideal I. For n 0, (R=I n ) is a polynomial in n of degree d. Using a broad generalization of the Koszul complex, Buchsbaum and Rim ( 2] ) proved the following result: Theorem 1.1 ( 2] ) Let R be a Noetherian local ring of dimension d 1 and let E 6 R r be a submodule such that (R r =E) < 1. Then for n 0, (S n (R r )=E n ) is a polynomial in n of degree d + r ; 1. A detailed treatment of geometric aspects of this function is given in 8], while quick proofs of the theorem and related results are provided in 12].
The positive i n teger a that occurs in the polynomial (S n (R r )=E n ) = a (d + r ; 1)! n d+r;1 + l o wer terms n 0 is the Buchsbaum{Rim multiplicity of E (if the embedding E , ! R r is xed), and we will denote it by br(E). This number is determined by an Euler characteristic of the Buchsbaum{Rim's complex ( 2] ). Very few explicit Buchsbaum{Rim functions are known, an exception being those of certain modules over regular local rings of dimension two ( 6] ). Our goal here is to understand this coe cient b r (E), and the next one, su ciently well to prove the following properties of the algebra R(E). 
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Let U E be a submodule. One says that U is a reduction of E or, equivalently, E is integral over U if R(E) i s i n tegral over the R-subalgebra generated by U. Alternatively, t h e integrality condition is expressed by the equations R(E) s+1 = U R (E) s , s 0. The least integer s 0 for which this equality holds is called the reduction number of E with respect to U and denoted by r U (E). For any reduction U of E the module E= Uis torsion, hence U has the same rank as E. This follows from the fact that a module of linear type such a s a free module admits no proper reductions.
If (R m) is a local ring with residue eld k then the special ber of R(E) is the ring F(E) = k R R(E) its Krull dimension is called the analytic spread of E and is denoted by`(E). Now assume in addition that k is in nite. A reduction of E is said to beminimal if it is minimal with respect to inclusion. For any reduction U of E one has (U) `(E) ( ( ) denotes the minimal number of generators function), and equality holds if and only if U is minimal. Minimal reductions arise from the following construction: The algebra F(E) is a standard graded algebra of dimension`=`(E) over the in nite eld k. Thus it admits a Noether normalization k y 1 : : : ỳ] generated by linear forms lift these linear forms to elements x 1 : : : x in R(E) 1 = E, and denote by U the submodule generated by x 1 : : : x. By Nakayama's Lemma, for all large r we h a ve R(E) r+1 = U R (E) r , making U a minimal reduction of E.
Having established the existence of minimal reductions, we can de ne the reduction number r(E) o f E to be the minimum of r U (E), where U ranges over all minimal reductions of E. Proposition 2.2 Let R be a Noetherian local ring of dimension d 1, and let E be a nitely generated R{module. (a) If E has rank r then r `(E) d + r ; 1. (b) If E , ! R r and 0 6 =`(R r =E) < 1 then`(E) = d + r ; 1. Proof. (a) We may assume that the residue eld of R is in nite. Let m bethe maximal ideal of R and U any minimal reduction of E. Now r = r a n k E = rank U (U) =(E).
On the other hand, by the proof of Proposition 2.1, mR(E) is not contained in any minimal prime of R(E). Therefore`(E) = d i m F(E) dim R(E) ; 1 = d + r ; 1, where the last equality holds by Proposition 2.1.
;! R r bea homomorphism with s =`(E) and such that the image F of ' is a minimal reduction of E. For each prime ideal p 6 = m, F p is a reduction of E p = R r p , and therefore F p = R r p . Thus the cokernel of ' is a (nonzero) module of nite length. By the Eagon{Northcott theorem, the ideal of maximal minors of ' must satisfy s ; r + 1 d.
Together with the estimate of part (a), we obtain the desired equality.
A terminology we adopt from 11] is the following. A module E is an ideal module if its bi-dual is free, E = R r . If R is a local ring, E is a vector bundle if it is free on the punctured spectrum of R. For 3 Maximal Hilbert function of the special ber
In this section we discuss some tools to estimate reductions of modules. It makes use of the multiplicities of the special bers. We begin by recalling one case when we have an explicit formula for br(E). Let (R m) be a Cohen{Macaulay local ring of dimension d and let E , ! R r beavector bundle with E 6 = R r and (R r =E) < 1. Assuming that R has an in nite residue eld, let F beaminimal reduction of E. According to Proposition 2.2(b), F is minimally generated by d + r ; 1 elements. Furthermore (R r =F) < 1 since a free module does not admit any proper reduction. 
where det 0 (F ) is the ideal generated by the minors of maximal order of '.
The rst statement is 2, Corollary 4.5.iv], while the second one is 2, Corollary 4.3]. We are going to give a sharpened version of this in Theorem 3.4.
Let (R m) beaCohen{Macaulay local ring of dimension d > 0 and let E , ! R r bean embedding such that (R r =E) < 1. We now approach the calculation of r(E) using the strategy of 3, Theorem 4.6]. Denote by F(E) the special ber of E, F(E) = R(E) R=m.
We seek to estimate the Hilbert function of this standard graded algebra. 
Proof. We beginby recalling how generic minimal reductions are formed, according to 11]. Write E = P n i=1 Ra i , let z ij 1 j d + r ; 1 1 i n, be variables and S = R(fz ij g) E 00 = S R E x j = P n i=1 z ij a i . Consider the S{submodule U = P d+r;2 j=1 Sx j .
After applying the change of rings, we switch back to the original notation. We note that V is a minimal reduction of E. Since the residue eld of the original R is in nite, by evaluation of the variables z ij we w ould obtain a minimal reduction of the original module.
Observe that the change of rings leaves the Hilbert function of F(E) una ected. The method is that of the proof of 3, Theorem 4.6]. Let U n be the component of degree n of the Rees algebra of U. We are going to estimate the number of generators of the submodule E n =U n , ! S n (R r )=U n :
Noting that (F(E) n ) = (E n ) (U n ) + (E n =U n ) and that (U n ) = n + d + r ; 3 d + r ; 3 we w ant t o s h o w that: (i) S n (R r )=U n is a Cohen{Macaulay module of dimension 1, and (ii) it has multiplicity at most br(E) n + d + r ; 3 d + r ; 2 : We will then use this value to bound (E n =U n ).
Claim (i) follows from the next result:
Theorem 3.3 Let R be a Cohen{Macaulay local ring of dimension d and E a complete intersection module of rank r. Then E is of linear type and R(E) is Cohen{Macaulay. Moreover, if height d e t 0 (E) = c 2, t h e n for each n depth E n = d ; c + 1 . In particular, S n (R r )=E n is a Cohen{Macaulay module of depth d ; c. Proof. By ;! R r with image ' = E, we want to examine the e ects of the specialization X ! ' on the modules e G n = e E n , s i n c e G n =E n = ( e G n = e E n ) e R ( e R=I 1 (X ; ')):
By theorem 3.3, e G n = e E n are Cohen{Macaulay for all n, and consequently (G n =E n ) = e(I 1 (X ; ') e G n = e E n ). To obtain this multiplicity let p beaminimal prime of R. Write P = ( p I r (X)) e R, S = e R P and I = I r (X)S. Note that I r;1 (X) 6 P. Localizing the mapping e R s X ;! e G This is an exact sequence of nitely generated modules over R(U), and since R(U) is Cohen{Macaulay of dimension d + r, the module on the right must have Krull dimension precisely d + r ; 1 unless it vanishes. This means that b 1 0 with equality if and only if U = E. This is the module version of the result of 9] for ideals.
We now turn to the question of the reduction numberof the module E as above. We seek submodules U, minimally generated by`(E) = d + r ; 1 elements such that for somè small' integer s, R(E) s+1 = U R (E) s . For that, we consider the Hilbert function of the special ber F(E) in order to apply a technique of 4]. The method is considered in detail in 3], where the case of ideals is considered. We shall now a p p l y t h e s a m e t e c hnology to discuss the integral closure of certain complete intersection modules. We assume that (R m) is a normal and Cohen{Macaulay of dimension d. Let E be a complete intersection module of rank r > 1, de ned by a mapping ' : R d+r;1 ;! R r : We note that c = height d e t 0 (E). (ii) Follows from (i) directly.
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We will apply the technique of maximal Hilbert functions to bound the number of generators of E n , for some cases of interest. Brie y, i f E is a complete intersection module of codimension 2 c < d, we consider a generic submodule U generated by c + r ; 2 elements. U is a complete intersection module of rank r. Consider the exact sequence 0 ! U n ;! E n ;! E n =U n ! 0 from which w e w r i t e (E n ) (E n =U n ) + (U n ) = (E n =U n ) + n + c + r ; 3 c + r ; 3 : We must now estimate the numberofgenerators of E n =U n in terms of the underlying data. We observe that this module is a submodule of a Cohen{Macaulay module E n =U n , ! S n (R r )=U n of dimension d ; c + 1 , and that S n (R r )=E n has depth at least 1, by Proposition 4.3. In particular if c = d ; 1, E n =U n is Cohen{Macaulay and therefore (E n =U n ) deg(S n (R r )=U n ):
We seek now to express deg(S n (R r )=U n ) in terms of some multiplicity associated to det 0 (E). We start with the associativity f o r m ula det 0 (S n (R r )=U n ) = X p ((S n (R r )=U n ) p deg(R=p)
where p runs over the minimal primes of det 0 (U). From Theorem 3.4, we h a ve ((S n (R r )=U n ) p ) = ((R r =U) p ) n + c + r ; 3 c + r ; 2 = ((R=det 0 (U)) p ) n + c + r ; 3 c + r ; 2 :
Note that the formula holds even if upon localizing the entries of the matrix do not all lie in the maximal ideal. Putting together we obtain deg(S n (R r )=U n ) = d e g ( R=det 0 (U)) n + c + r ; 3 c + r ; 2 and (E n ) deg(R=det 0 (U)) n + c + r ; 3 c + r ; 2 + n + c + r ; 3 c + r ; 3 :
We will now a s s e m ble these calculations into: 
